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e |ntroduction
e Part 1: Basics of Statistics
e Part 2: Regression

e Part 3: Probabilistic System Analysis
using Monte Carlo Methods
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= Synonymic names:
* meta model
* response surface
= surrogate (model)

= Regression is a mathematical model e.g. polynomial
equation to fit the deterministic data

= Example — 2" order polynomial for 2 inputs

o~

Yi=cCo+c1-br;+ca-byj+cs- bi?; + Cyq bg,i
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= Synonymic names:
* meta model
* response surface
= surrogate (model)

= Regression is a mathematical model e.g. polynomial
equation to fit the deterministic data

= Example — 2" order polynomial for 2 inputs

@)=co+ci-britcabyi+oess bl + ca - b,

Q result
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= Synonymic names:
* meta model
* response surface
= surrogate (model)

= Regression is a mathematical model e.g. polynomial
equation to fit the deterministic data

= Example — 2" order polynomial for 2 inputs

@: Co + C1 '@i"‘CQ @@4‘03 '@i+04 @%

O result
O input
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= Synonymic names:
* meta model
* response surface
= surrogate (model)

= Regression is a mathematical model e.g. polynomial
equation to fit the deterministic data

= Example — 2" order polynomial for 2 inputs

@=@EHey G +E) Gk +Ee @) Hey- )
8 result () coefficients
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= Synonymic names:
* meta model
* response surface
= surrogate (model)

= Regression is a mathematical model e.g. polynomial
equation to fit the deterministic data

= Example — 2" order polynomial for 2 inputs

@)=@)He) b+ + @) He G+ 5 bui- bai
O result O coefficients mixec?(terms
O input
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= Number of data points > number of coefficients !

A
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<8001 ¢ first order
8 7001 second order
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N = MCS - point cloud

10 +

7.5+

25+
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A = MCS - point cloud

10 +

= Define type of surrogate
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= MCS - point cloud

10 +
y = Define type of surrogate

= Compute coefficients to
minimize error sum of
squares

75+

SSE = f:é“? = i(y@ —0;)°
=1

2.5 -
y i=1
0 $ >
0 2.5 5 7.5 10 b
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= Quality of the fitting between deterministic and surrogate
model can be determined by the coefficient of
determination

R? = CoD

» The CoD describes the part of the total model variation
that is included in the regression

SSR > (U — 1)
SST Z?:l(yz — g)z

» The CoD equals the squared correlation coefficient
between the deterministic and the surrogate response

R* = CoD =1r*(y,7)

R? = CoD =

7. Dresdner Probabilistik-Workshop Tutorial
Regression Slide 13



ONIVERSITAT Determine fitting quality

DRESDEN

Faculty of Mechanical Science and Engineering, Institute of Fluid Mechanics, Chair of Turbomachinery and Jet-Propulsion

A R2 = 0.87

10 +

y = 1,68 + 0,65*b + €
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Example:

5 input variables
3rd order (w/o mT) = 16 coefficients

= constant input parameter scatter while
= ng, iNncreases 16,00}
SCR
16 1 1.00 =
30 1.9 0.91 £
60 3.8 0.86 £
100 6.3 0.82
200 12.5 0.78
1000 62.5  0.79 0998 ——— - —
Approximated w,, ., [mm]
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Example:

5 input variables
3rd order (w/o mT) = 16 coefficients

= constant input parameter scatter while
= ng, iNncreases 16,00}
SCR
16 1 1.00 =
30 1.9 0.91 £
60 3.8 0.86 £
100 6.3 0.82
200 12.5 0.78
1000 62.5  0.79 0998 ——— - —
Approximated w,, ., [mm]
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Example:

5 input variables
3rd order (w/o mT) = 16 coefficients

= constant input parameter scatter while
= N, increases 16.00] .
SCR
16 1 1.00
30 1.9 0.91
60 3.8 0.86
100 6.3 0.82
200 12.5 0.78
1000 62.5 0.79 009 - e
Approximated w,, ., [mm]
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CoD as function of SCR (sample to coefficients ratio)

- Typical saturation behavior of CoD

2 065 +B-DS-yl +B-DS-y2
g 0o +B-DS-y3 +B-DS-y4
a 0°° +B-DS-y5 +B-DS-y6
§ 05 +B-LHS-y1 + B-LHS-y2
0.45 + B-LHSvy3 + B-LHS-vy4
0.4 + B-LHS-y5 + B-LHS-y6
0.35 X HiPar-yl XHiPar-y2
0.3 X HiPar-y3 X HiPar-y4
025 X+ X HiPar-y5 X HiPary6
+ OTr-y1 OTr-y2
0.2 T
XTr-y3 XTr-y4
0.15
0.1
0.05
0 - :
1 10 SCR 100
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CoD reliability chart

Strong changes of
CoD value while
enlarging database

CoD .
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Distance between point and
surface does not equal the
/ ) approximation error since 3
. o © dimensions are not included
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Distance between point and
eror  surface does not equal the
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dimensions are not included

In the graphic.

o
©
o
8le
é’ o
®
o
OOO0O0O0O0oDE®E

€ 0
é E Modul
209225
g 11
qgjj KEraft
o 2473
S 110 B—'-,':
S > 4339
& ==
=
Approximation error
-0.79 .
3.25 Position [mm] 6.5E+003 IS shown as color
iInformation
7. Dresdner Probabilistik-Workshop Tutorial

Regression Slide 22



ONIVERSITAT Graphical control

DRESDEN

Faculty of Mechanical Science and Engineering, Institute of Fluid Mechanics, Chair of Turbomachinery and Jet-Propulsion

A graphical control is advisable
* Does the shape of RS fit to the point cloud?
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A graphical control is advisable
* Does the shape of RS fit to the point cloud?
= Areas with high errors?

Error
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A graphical control is advisable

* Does the shape of RS fit to the point cloud?
= Areas with high errors?
= Errors acceptable?
Error Error
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Advantages:
= Widely used criteria
» Comparable between different models (normalized 0...1)

» describes the part of the total model variation that is included
In the regression

Disadvantages:
» Value Depends on n
» SCR needs to be high to receive reliable R2 values

» |t does not include information on prediction quality of the
model
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= creation of new data points with the meta
model for a fast system analysis

» Replacing the deterministic model with the
surrogate if the fit is very good

= Sensitivity analysis with Col
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When is it possible to work with response surfaces?

High quality of data fitting is necessary
- (reliable) RZ2 = 0.8!

- low approximation error in area of interest

These criteria are no quarantee for a good prediction of new datal

For estimation of prediction quality
- one needs a validation against new data

- this data must not be used for model computation
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Validation of prediction quality:

NO new observations?

- Split the data set into training set and a validation set

training set - will be used to compute the response surface

validation set - will be used to validate the prediction error

Cross validation

R2 prediction or Different kinds of data splitting
predictive error sum of squares

7. Dresdner Probabilistik-Workshop Tutorial
Regression Slide 29



I,E.‘.’\F'E"F!éﬁ'ﬁ% Work with meta models

DRESDEN

Faculty of Mechanical Science and Engineering, Institute of Fluid Mechanics, Chair of Turbomachinery and Jet-Propulsion

Validated meta models can be
used to compute thousands of
new samples in no time.

21.84

It is important to make a true
validation of the results:

= compare at least one meta
model response to the
deterministic model

w; [mm]

response.
-24 1
0.325 Position [mm] 6.5E+003
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Col — Coefficient of Importancel

Evaluates the influence of a single input variable on the result,
using the meta model.

Col = R* — R?
R=2 Coefficient of Determination of the response surface

R.2 Coefficient of Determination of a response surface,
where the influence of the input variable b, is neglected

If the neglected input variable was important, then R.2<<R=
and the Col will be high.

1 WiLL, J.; BucHERr, C.: Statistische Mafe fir rechnerische Robustheitsbewertungen CAE
gestiitzter Berechnungsmodelle. Weimarer Optimierungs- und Stochastiktage 3.0, 2006.
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2nd order response surface

3rd order response surface

R2
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Advantages of Col compared to correlation coefficient

1. recognition of non monotonic connection

Spearman I .
W -0.10 0.06 -0.54 018 007 s, 000 |0 0.90 | -, 0.00 Coefficient
m EHos. .10 Moz . 10
O o06..038 Wos..08
Oo4. .06 o406
Ooz..04 0.01 1001 ~ ] Oopz..04
Ooo..oz2 | oo o2
O-0z..00
0.10 -0.07 0.44 0.18 0.07 O-04.-02 -, 0.00 -, 0.00
H-06..-04
W; H-08.-06 _ _ _
W0.-08
0.01 ~. | 0.00
013 013 0.15 0.31 -0.09 028 | 0.02 s, 001
max 0.79 0.02 ~. | 0.01
0.1 0.06 -0.20 0.24 0.04 0.08 |, 0.01 5, 001
Wlmax| 001 0.00
elastic force position height width Rz elastic force position height width
modulus modulus
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Advantages of Col compared to correlation coefficient

1. recognition of non monotonic connection

2. focused sensitivity analysis

Spearman
W -0.10 0.06 -0.54 -0.18 -0.07 v, 0.00 |~ 0.00 v, 003 |~ 000 Coeflicient
m Eog..10 Moz 10
Oos 08 Mos..08
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013 013 015 031 -0.09 028 |~ o002 |~ o002 011 |> 011 | 001
max 0.79 0.02 . | 0.04 [0 0.14 .| 0.01
0.1 0.06 0.20 0.24 0.04 008 | > 001 | 000 004 | 002 | 001
W|maX| 001 % | 001 % 004 | 000
elastic force position height width Rz elastic force position height width
modulus modulus
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Advantages of Col compared to correlation coefficient

1. recognition of non monotonic connection

2. focused sensitivity analysis

Spearman
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Box Cox Transformation?t

np nNp
V =¢, +Zcb +ZZCUb
=1 i=1 j=1

Transformation of ordinate-values to improve approximation

np MNp

vy =<y + chbk+Zchmbkb + £

=1 m=1

Exponent s will be selected to further minimize the error sum
of squares s=[0.1, ..., 2]

1 NETER, J.; KuTnER, M. H.; NacHTsHEIM, C. J.; WASSERMANN, W .. Applied Linear Statistic
Models. WCB McGraw-Hill, New York, 1996,
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Box Cox Transformation
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UNVERSITAT Summary on Regression gy

Response surfaces are mathematical models to
approximate the deterministic system response

Can be used to:
» Check sensitivity with the Col

* Replace the deterministic model

High model quality is necessary
= R2>0.8
= Low error in area of interest

= Use cross validation for a prediction criteria
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Tutorial

Introduction into probabilistic methods
and their application in engineering
sciences with focus on monte carlo and
response surface methods

David Pusch
André Beschorner
Robin Schmidt O
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