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Uncertainty quantification methods:

» Anti-optimization method
» Possibilitic methods:

e Interval analysis

e Sensitivity derivatives

e Fuzzy set theory

e Evidence theory and convex modeling
» Probabilistic methods:

e Monte Carlo

e Moment methods (FORM, SORM)

Response surface

e Functional method (Polynomial chaos)
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Fundamental idea: random space projection

e Ideal: is that possible to project ab initio the stocha-
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Fundamental idea: random space projection

e Ideal: is that possible to project ab initio the stocha-
stic model completely to a deterministic one?

e Suppose we had a set of data (from experiments or
MC simulations) of {a;}7 ;: Is it possible to identify a
basis {V;(¢)}7, such that: a =", aV;(£)?

e Suppose we had a basis {V;(¢)}™, (e.g. ortogonal
functions). Is it possible to identify {«;}"_; such that:
o = Z:ZO Oé,'w,'(f)? Then

1
0 = g Jo V() dp(€)

can be used as a mapping for projection the random
space ) to a deterministic space !
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Fundamental theorems

Theorem 1

If € = {&1,62,...,6} T be a finite dimensional Gaussian random vector, then
Hy = {XIX = xo + x1&1 + x2&2 + ... + xnén, (X0, %1,...,xn)T € R"},

is a Gaussian Hilbert space.
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Fundamental theorems
Theorem 1
If € = {&1,62,...,6} T be a finite dimensional Gaussian random vector, then
Hy = {XIX = xo0 + x1€1 +x2&2 + ... + xnén, (X0, X1,-- . xn)T € R"}7
is a Gaussian Hilbert space.

Theorem 2

In general, if {Wo(&),V1(&),...,Vm(&)} be any random orthogonal basis in
Hilbert space, then

Hay = {XIX = xoWo(&) + x1W1(€) + x2W2(€) + ... + xmWm(8), (xo,x1,---,xm)" € R"}7

is also a Hilbert space.
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Polynomial Chaos expansion (PCe)

Q : sample space
For probability space (Q,F,P), we define the Hilbert F : o-algebra
space H»(Q2, F, P) as P : probability measure

Hz—{X:v/n‘X(G)z‘dP(9)<oc} . 6ecQ

1)
An uncertain parameter X : Q — R and X € H, can be represented by the
the generalized polynomial chaos expansion of:
oo co i1
X xoWo + D xp Val&iy )+ D0 D XipinV2(Eiy s €in) (2)
=1 i1=1ip=1
o0 i1 '-2
D DT D Xiyinig WGy i Eig) F - - -
i1=1ix=1i3=1
or shortly: o o
X =" xW;(8), and ) x7 <oo. 3)
i=0 i=0

® Xiyia...in oder x; : unknown deterministic PCe coefficients

. £ : vector of random variables
. V's : orthogonal polynomial basis of random variables
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PCe in practice

N
X%Zx;W;({)éx;:%/ﬂ(X, V(€)) du(€),  j=0,1,....N

i=0

62{517627“'6"}7-7 Q:QI®QZ®®Qn, &EQ,’

Wi ) ~ D wlx OVH() =5 wilx ) = g5 [ Wik t€) L ¥i(6)) du(e)
i=0

w(x, t; £) : stochastic process

w;(x, t) i unknown deterministic functions
E[W;, W] = h?6;; : expected value

dp(€) : probability measure

p(&) : density function

hZ : polynomial norm

dj; + Kronecker delta

* stochastic Galerkin projection ) = P66 )
&)

Pl &a &) = pi&)pa(&1)
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Graphical representation of the PCe (X = X + AX)

:x'/ +AX|/\ M
| \
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Graphical representation of the PCe (X = X + AX)

:x'/ +AX|/\ A~
| \

if using standard random polynomials is possible:

B A A

3 -y
N
N

AX [, ‘4
|/\ AN = v N s AX =3 ()

v
R
\/ “I;fn&w'" - Qw p
Lo S
&
1

05
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Graphical representation of the PCe (X = X + AX)

+ ‘1’1 ik ‘1’2 + ‘173 + 'P‘
3 o
N
.

kv '+

’ |/\
— - o 1
/\/\.,. = T o

EE
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if using standard random polynomials is possible:

AX = ZJN:1 xjWj(€)

AX; =Y % 0i()
AX =X AX
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MC and PCe

MC simulation

Generate samples for the uncertain
parameters

!

Solve Stochastic model as
deterministic model for the
output(s)

l

Aggregate the results of the
individual computations into
the final results

Check for the desired
error, is it large?

K. Sepahvand

Generate more samples

PCe simulation

Use 1*" order PC expansions for
approximation of the uncertain
parameters or random processes

|

Transform the stochastic sy:
Eq(s)./model to deterministic
Egs./model

I

Derive the PC expansion
coefficients

Check for the d
error, is it large?

Add PC expansion
orders

=
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Classic example

C=A+B, AcQ;, BeQ

A= Za‘Ul (&), B= waz(&)

i=0

N3
C=> aVi(é, &), V(&,&)=Vi(&a)® V&),

k=0

Zae,erZber , p=0,...,N3
ekk i—0
e = /Q 1 /. Va6Vl €2l 2),
€jp = /91 /Qz W, (£2)Vp (€1, &2)dplér, &2),

= /91 /ﬂz W2 (&1, E2)dp(ér, &2),
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Classic example

C=A+B, AcQ, BeQ t
A
0
A= Zawl(sl B= Zb\Uz(&z) :
i=0 B
° 1 2

—Exact
= = 'PC(N=1)
- +=MC(10,000)

N3
C=> aVi(é,&), V(&,&)=Vi(4)® Va(s)

k=0

2 3 4
Zae,erZber , p=0,...,N3
ekk
i=0

i = /Q [ vevate @) ). First order Legendre-pCe:
o= [ Vi @ ),

= /Ql /QZ W2 (&1, E2)dp(ér, &2),
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PCe and FE method
FE Model (stochastic): KU =F

PCe for uncertain parameters: K, F

Ny

D KW, (€) = [KloWio(£:) + [KliWay (&) + - - + [KIn, Vap, (€1)
i=0

Ng

F(&) = > {F1iva (&) = {FhoVae (&) + {F1Va, (&) + - 4 {Fin Y2y, (&)

i=0

K(&.)

System response: U(&,,&,)

U(é:,€2) Z{U}J (€1,€2) = {utoWo(&r, &) + {uh1Va (€1, &) +

+ {U}NUWNU(£1,€2)7 V=vy; W,

K. Sepahvand IFKM, TU Dresden 11/21



Introduction PCe theory PCe and FEM Engineering applications Conclusions

’ Application of the generalized polynomial chaos expansion in stochastic simulations

PCe and FE method
PCe representation of FE Model: (KU = F)
N, u N
kol VL, (€1) 37 {ul Vi€, &) = ol F V2 (62)

Stochastic Galerkin projection with test functions v,(&,,&,) leads to:
KcU=F
(] — T
U= {{u}07 {u}lv sy {U}Nu}

ko [k, .. [Kly,

Cooo Coro -+ Cowngo
K- [kl [k]; - [k]N,( . Cc= Cio1 Cun ... G 7
(Ko [Kly ... [kln, Cnvom  Cnpim oo Capngm
Cijm - le sz .. an W1,-‘~Uj‘~l’mdli(§)7 i: = <F7 \Um>
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PCe model of a bladed disk assembly

EEE s

meX; + cX; + kixi + Ke(xi — xit1) + Ke(xi = xi—1) = f;
xi=x(t;€) i=12,...,n

and order excitation:

. i—1
fi = fbe(wit—w,,r)’ iy = %n)’ r=0,1,2,...,n

for stochastic steady state motion of the blades:

xi(t; €) = Ai(€)e ™"
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Numerical results — rotor of 24 blades

Assuming K. and k; as uncertain parameters with uniform PDF (with %20
uncertainty from the mean values).

PCe representation of k; and K.:

1 1
ki=> ki (&), Ke=> kgoi(é), & € U-1,1]
Jj=0 j=0
x10 x10°
8 — Theoretical —Theoretical
---PCe ---PCe
6
6 —— — ==
Ve L l’ \‘
/ % ! v
uw Y \ wa / 4
g4 ! \ g / \
i \
\
1| \ 1 i}
2 \ S \
1 i ! A
] \ I \
) ¢ 3 4 A
v \, / \
oz N . / N
35 45 55 35 45 55
K x10° K x10*
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Numerical results — natural frequencies

}L’K

"_‘ X,

pen

10

——-K, Uncertain
—=K; , K, Uncertain
—— Deterministic

PDF

K. Sepahvand

Lt
6500
wlrads™

00

IFKM, TU Dresden

15/ 21



Introduction

PCe theory PCe and FEM Engineering applications Conclusions

Application of the generalized polynomial chaos expansion in stochastic simulations

PDF

Numerical results — natural frequencies

422107
~--K Uncertain
— =K, K, Uncertain
—— Deterministi
08 4~
7
s " /
10 uw /
1 ] /
——-K Uncertain ]
- =K, K, Uncertain 04 !
—— Deterministic /4 2y /
AL SN '
PR
it
08 f h ol —
B ' =
1 il S B0 ey 0 7500
/i W
/ (3] )
if s g 8 3
IR
it |3
i 413
04 ! \;‘ |
\
¥ i (VY 4 ox10
al bl 1 i 4 K Uncertain
FIE R LR, | i
il i ERAN K, Uncertain
i T RERAT —— Deterministic
o ERRALHA
B SN 08
6500 7500 8500
wlrads™ w
g
04
0 .
5500 Ly 6500 751
o, lds]

K. Sepahvand IFKM, TU Dresden

15/ 21



Introduction PCe theory PCe and FEM Engineering applications Conclusions

Application of the generalized polynomial chaos expansion in stochastic simulations

Numerical results — natural frequencies
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Comparison with MC simulations
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Comparison with MC simulations
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Comparison with MC simulations
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Amplitude

Frequency response functions — FRF

MC (100,000)
= Deterministic
---PC(N=1)

5500 6500 7500 8500
® [rad 571]
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Amplitude

Frequency response functions — FRF

MC (100,000)

13" mode b
» = Deterministic
1% mode ——-PC(N=1)
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Application of the generalized polynomial chaos expansion in stochastic simulations

Statistical moments of natural frequencies
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Conclusions

» The PCe method can be considered as a mapping between sto-
chastic and deterministic spaces.

» The PCe is a reliable method for closed from representation of
system uncertainties.

» It is shown that the PCe model can be easily combined with FE
method for stochastic simulation of complex systems.

» The PCe model is reasonable accurate in compare with MC simu-
lation and more time efficient.

» The convergency of higher order statistical moments can not
be guaranteed by PCe method.

» The application of the method for general uncertainty representa-
tion in stochastic simulation is an actual research topic in IFKM.
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Thank you for your attention!
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